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Abstract Wave approach is used to analyze the longitudinal wave motion in one dimensional
non-uniform waveguides. With assumptions of constant wave velocity and no wave conversion, there
exist four types of non-uniform rods and corresponding traveling wave solutions are investigated. The
obtained results indicate that the kinetic energy is preserved as a constant and the wave amplitude is in-
versely proportional to square root of the cross-sectional area of the rod. Under certain condition, there
exists a cut-oﬀ frequency for the rod with variation in geometric or material properties, below which
waves do not propagate along the non-uniform rod. For the rod with arbitrary variable cross-section,
the conclusions are similar if the wave frequency is high enough. And a series solution of the
wave motion is presented. c© 2011 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2. 1102107]
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Waves can propagate freely without reﬂection in
a certain class of non-uniform one-dimensional waveg-
uides even when the properties of the waveguide vary
rapidly. In these cases, the amplitude of the wave
changes as a function of position but the power asso-
ciated with wave is preserved along the waveguide as in
uniform waveguides.1,2
In this paper, the propagation of waves in non-
uniform rods with variable cross-section or material
properties is studied through theoretical analysis. The
analysis shows that the non-uniform rod, under cer-
tain condition, does generate a cut-oﬀ frequency, be-
low which waves do not propagate along the structure.
Hence, the considered structures are capable of ﬁltering
out low frequency and they behave as high-pass me-
chanical ﬁlters.
With assumptions of constant wave velocity and no
wave conversion, there exist four types of non-uniform
rods, the cross-section areas or material properties of
which vary as quadratics or exponential function or
square of hyperbolic cosine function as presented in
Eq. (10). Consider the waveguide in a non-uniform rod
undergoing longitudinal motion. The displacement is
governed by
∂
∂x
[
EA (x)
∂u
∂x
]
= ρA (x)
∂2u
∂t2
. (1)
If the material modulus E and the mass density ρ of the
rod are assumed to be constant while the cross-sectional
area A(x) vary in axial direction as shown in Fig. 1, the
governing equation (1) is transformed into
∂2u
∂x2
+ f(x)
∂u
∂x
− 1
c20
∂2u
∂t2
= 0, (2)
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where f(x) = A′/A and c20 = E/ρ . And the prime
denotes diﬀerentiation with respect to x. If the cross-
Fig. 1. Section of a non-uniform waveguide.
sectional area is assumed to be constant while the ma-
terial properties E and ρ are varied as
E = E0p(x), ρ = ρ0p(x), (3)
the rod is the class of axial functional graded material,
whose governing equation is the same as Eq. (2), but
f(x) = p′/p and c20 = E0/ρ0. let the traveling wave
solution of Eq. (2) take the form of
u (x, t) = a (x) ei(kx−ωt), (4)
where a(x) is the wave amplitude. Substitution of it
into Eq. (2) yields two equations as
2a′ + f (x) a = 0, (5)
a′′ − ak2 + f(x)a′ + aω2/c20 = 0. (6)
After substituting f(x) = A′/A into Eq. (5) and solving
it, the solution obtained as
a(x) = a0
√
A0/A(x), (7)
where a0 and A0 are amplitude and cross-sectional area
of the rod at x = 0. Eliminating a from Eqs. (5) and
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(6) yields
k2 = ω2/c20 − b (8)
and
b =
1
4
f2(x) +
1
2
df(x)
dx
. (9)
where b is introduced as a parameter. When b > 0 and
ω < ωc = c0
√
b , the wave number k is negative, so
waves cannot propagate along the rods; this frequency
ωc is called cut-oﬀ frequency. Solving Eq. (9) in term of
f(x) = A′/A , there are four solutions of cross-sectional
area A(x) shown as
A (x)=
⎧⎪⎪⎨
⎪⎪⎩
A0(1 + cx)
2
, b = 0,
A0e
cx, b = f2 (x)/4 > 0,
A0cosh
2 (cx+ d)/cosh2d, 0<b =f2 (x)/4,
A0cos
2 (cx+ d)/cos2d, b < 0,
(10)
where
b =
(
d2
√
A (x)
/
dx2
)/√
A (x), (11)
c and d are real constants. The corresponding free vi-
brations relative to the ﬁrst and the fourth equations of
Eq. (10) have been investigated by Abrate3 and Kunmar
and Sujth4 with a functional transformation method.
Other scholars5–7 also studied longitudinal free vibra-
tions of non-uniform rods. Substitution of Eq. (7) into
Eq. (4) yields traveling solution
u (x, t) = a0
√
A0
A (x)
ei(kx−ω t), (12)
where k has a uniﬁed expression shown as Eq. (14).
Substitution of Eq. (11) into ωc = c0
√
b yields a uniﬁed
solution of cut-oﬀ frequency i.e. Eq. (13). Substitution
of Eq. (11) into Eq. (8) yields frequency-wavenumber
relation Eq. (14). With the help of Eq. (14), it is easy
to obtain the phase velocity as Eq. (15).
ωc = c0
√
d2
√
A (x)
dx2
1√
A (x)
,
d2
√
A (x)
dx2
> 0. (13)
k(x)
2
=
ω2
c20
− d
2
√
A (x)
dx2
1√
A (x)
, (14)
cL = c0ω/
√
ω2 − c20
d2
√
A (x)
dx2
1√
A (x)
, (15)
which implies that the phase velocity is greater than c0
for rods with their cross-section area varying as expo-
nential function or square of hyperbolic cosine function.
Diﬀerentiating both sides of Eq. (14) with respect to k
yields
cgcL = c
2
0, (16)
where cg is group velocity. Then the group veloc-
ity is inversely proportional to the phase velocity. In
Figs. 2–4, the ω − k spectrogram, dispersion curves of
phase velocity and group velocity are plotted, respec-
tively. The corresponding parameters are E = 2.1 ×
1011 Pa, ρ = 7.8×103 kg/m3, c0 =
√
E/ρ = 5188.7 m/s,
c=0.5. The kinetic energy in one unit length of the rod
could be obtained as T = 0.5 ρ a20A0ω
2, which is pre-
served as a constant value. However, the strain energy
V is V = 0.5 ρ a0
2A0ω
2+EA0a0
2(A′/A)2/8, not a con-
stant. Then the wave energy is the sum of kinetic energy
and strain energy
W = ρ a0
2A0ω
2 + EA0a0
2(A′/A)2/8. (17)
As for the non-uniform rod with arbitrary vari-
able cross-sections, considering its harmonic motion
u(x, t) = U(x) exp(iωt) and functional transformation
V (x) =
√
A(x)U(x) , governing equation (1) could be
transformed into
d2V
/
dx2 +
(
ω2
/
c20 − q (0)
)
V = (q (x)− q (0))V,
(18)
where q(x) = (d2
√
A(x))/dx2)/
√
A(x).
Fig. 2. The ω − k spectrogram.
Fig. 3. Dispersion curves of the phase velocity.
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Fig. 4. Dispersion curves of the group velocity. −·−· square;
−−− exponent; — square of hyperbolic cosine; · · · square
of cosine.
If the right hand side of Eq. (18) is treated as a known
function, its solution could be written as
V (x) =k−1
∫ x
0
sin k (x− t) (q (s)− q (0))V (s) ds+
+ c1 cos (kx) + c2 sin (kx) , (19)
where
k =
√
ω2
/
c20 −
(
d2
√
A (0)
/
dx2
)/√
A (0). (20)
Since V (x) → c1 cos(kx)+c2 sin(kx) , if k → ∞, U(x) =
V (x)/
√
A(x) and q(x) is ﬁnite, and thus for suﬃciently
high frequency, one could ﬁnd
U(x) ≈ (c1 cos(kx) + c2 sin(kx))
/√
A(x), (21)
where c1 and c2 are determined by boundary conditions.
Then, if frequency ω is high enough, one can ﬁnd solu-
tions of the same form as Eq. (12). If the wave arrives
at arbitrary position in the rod, the wave motion can be
seen as a wave source. So the wave number in Eq. (20)
is rewritten as
k(x) =
√
ω2/c02 −
(
d2
√
A(x)/dx2
)
/
√
A(x), (22)
which implies that characteristics of the wave motion
are functions of position , such as the wave number
k, the cut-oﬀ frequency, ω − k spectrogram, dispersion
relation of phase velocity and group velocity. Eq. (18)
can be rewritten as
d2V
/
dx2 +
(
ω2
/
c20 − q (x)
)
V = 0. (23)
Assume the solution of Eq. (23), taking the form of
V (x) =
√
H(x0)
H(x)
e
i
∫ x
x0
H(s)ds
, (24)
which is a special case of Langer transformation. Then
the wave solution of Eq. (1) can be written as
U(x, t) = a0
√
A(x0)H(x0)
A(x)H(x)
e
i
∫ x
x0
H(s)ds−iωt
. (25)
Substitution of Eq.(24) into Eq. (23) yields
3
4
(dH (x)/dx)
2
(H (x))
2 −
1
2
d2H (x)/dx2
H (x)
−
H2(x) +
ω2
c02
− q (x) = 0. (26)
One could ﬁnd a series solution of Eq. (26), i.e.
H (x)=
√√√√ ω2
c02
− q (x)+
∞∑
n=1
bn (x)
(
ω2
c02
−q (x)
)−n
.
(27)
Substituting of Eq. (27) into Eq. (26) and comparing the
coeﬃcients of ω2/c0
2−q (x), one can ﬁnd the expressions
of bn(x) . The ﬁrst four terms are shown as
b1 =
1
4
d2q
dx2
b2 =
5
16
(
dq
dx
)2
− 1
4
d2b1
dx2
b3 =− 2 b21 −
1
4
d2b2
dx2
− 9
8
db1
dx
dq
dx
b4 =− 5 b2 b1− 9
8
b1
(
dq
dx
)2
− 13
8
db2
dx
dq
dx
− 1
4
d2b3
dx2
+
+
5
16
(
db1
dx
)2
− 1
4
b1
d2b1
dx2
In conclusion, with assumptions of constant wave
velocity and no wave conversion, there are four types
of non-uniform rods. The investigation of its traveling
solutions indicates that the kinetic energy of the wave
motion is preserved as a constant along the rod and
the wave amplitude is inversely proportional to square
root of the cross-section area of the non-uniform rod.
Other characteristics of the wave, such as spectrogram,
dispersion relation of phase velocity and group velocity,
strain energy and cut-oﬀ frequency, are also analyzed.
If the second derivative of the square root of the cross-
section area is positive, there is a uniﬁed solution for
the cut-oﬀ frequency. As for the non-uniform rod with
arbitrary variable cross-section and suﬃciently high fre-
quency, one can ﬁnd similar traveling solutions. And a
series solution of the wave motion is presented.
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